We review a new theory of orthogonal separation of variables on pseudo-Riemannian spaces of constant zero curvature via concircular tensors and warped products. We then apply this theory to three-dimensional Minkowski space, obtaining an invariant classification of the forty-five orthogonal separable webs modulo the action of the isometry group. The eighty-eight inequivalent coordinate charts adapted to the webs are also determined and listed. We find a number of separable webs which do not appear in previous works in the literature. Further, the method used seems to more efficient and concise than those employed in earlier works.
Introduction
In this paper we consider the Hamilton-Jacobi (HJ) equation for geodesics on an n-dimensional Lorentzian manifold pM, gq 1 2
where q " pq 1 , . . . , q n q denotes a local coordinate system, g ij the contravariant components of the metric tensor g, and E is a non-zero constant. We also consider the Klein-Gordon (KG) equation
where det g denotes the determinant of pg ij q, and m ‰ 0 is constant. By additive separability of equation (1) with respect to a coordinate system q, we mean that the equation admits a complete integral, i.e. a solution of the form W pq, cq "
where c " pc 1 , . . . , c n q denotes n constants which satisfy the completeness relation det´B 2 W Bc i Bq j¯‰ 0.
Product separability of equation (2) in a coordinates system q means that the equation possesses a complete separated solution of the form [1] ϕpq, cq "
that depend on 2n parameters c " pc 1 , . . . , c 2n q which satisfy the completeness relation [1] det¨B
Separation of variables with respect to coordinates q is said to be orthogonal if the coordinates q are orthogonal, i.e. if g ij " 0, for all i ‰ j. The separation of variables property for a coordinate system q is preserved by any coordinate transformation with diagonal Jacobian. An orthogonal web on pM, gq is a set of n mutually transversal and orthogonal foliations of dimension n´1. A coordinate system q is adapted to the web if its leaves are represented locally by q i " c i , where the c i are constant parameters. An orthogonal web is said to be separable if the HJ equation is separable in any system of coordinates adapted to the web [1] . Such a web is called an orthogonal separable web. It may be shown that if the KG equation is separable in coordinates q, then the HJ equation is separable in the same coordinates [2] . However, in a Lorentzian space of constant curvature where the Riemann curvature tensor has the form R ijkl " kpg ik g jl´gil g jk q,
where k is constant, the separability of the KG equation in coordinates q is equivalent to the separability of the HJ equation in the same system [3] . Furthermore, the separable coordinates are necessarily orthogonal [4] . We will say that two orthogonal webs in a pseudo-Riemannian manifold are inequivalent if they cannot be mapped into each other by an isometry. The purpose of the present paper is to determine by a new method the inequivalent orthogonal webs on flat 3-dimensional Minkowski space, E 3 1 , whose adapted coordinate systems permit additive (resp. product) separation for the HJ equation for the geodesics (resp. KG equation) and to contrast our solution with previously known results. The article is an extension of the work of Rajaratnam, McLenaghan and Valero [5] who solved a similar problem for 2-dimensional Minkowski space E 2 1 and de Sitter space dS 2 . The approach used is based on the theory of concircular tensors and warped products developed by Rajaratnam [6] , Rajaratnam and McLenaghan [7, 8] and [5] which is applicable to pseudo-Riemannian spaces of constant curvature. This theory is derived from Eisenhart's [3] characterization of orthogonal separability by means of valence-two Killing tensors which have simple eigenvalues and orthogonally integrable eigendirections, called characteristic Killing tensors. We recall that a Killing tensor is a symmetric tensor K ij which satisfies the equation [3] (HM). In [10] it is shown by a method based on the use of pentaspherical coordinates [15] that the coordinate systems which allow separation have the property that the coordinate surfaces are orthogonal families of confocal quadrics or their limits. The distinct classes of separable coordinates are then classified under the action of the isometry group. In [11, 12, 13 ] the coordinate domains and horizons for the coordinate systems of KM which cannot be reduced to separable coordinate systems in two dimensions are constructed by means of projective plane coordinates. This work adds global considerations to the otherwise local aspects of separable of variables in this case.
In [14] the canonical separable coordinates and their associated webs are found by a purely geometric method which involves the systematic integration of the Killing tensor equations together with the flatness condition in a general orthogonal coordinate system. The transformation to pseudo-Cartesian coordinates is then obtained by the method described in [16] . The components of these tensors with respect to pseudo-Cartesian coordinates are obtained from the components in canonical separable coordinates by applying the tensor transformation law. This procedure defines the Killing tensor in question on a coordinate patch of E 3 1 . Because the components of the general Killing tensor are polynomial functions in pseudo-Cartesian coordinates, the Killing tensor is defined on all of E 3 1 by analytic continuation. The separable webs are finally obtained as the integral curves of the eigenvector fields of the Killing tensor. Using this procedure Horwood and McLenaghan [14] found thirty-nine orthogonally separable webs and fifty-eight inequivalent metrics in adapted coordinate systems which permit orthogonal separation of variables for the associated Hamilton-Jacobi equation and Klein-Gordon equations. In a subsequent paper Horwood, McLenaghan and Smirnov [16] classify the separable webs of E 4. It provides a more compact treatment compared to the other methods described above
Our calculations yield forty-five orthogonal separable webs which include the thirty-nine found in [14] as well as six additional webs, one of which does not appear in [13] . We also note that the number of inequivalent adapted coordinate systems we obtain does not agree with the number given in [13] . In this paper we shall provide what appear to be the missing webs in [14] and discuss the discrepancies with the results of [13] .
The paper is organized as follows: in Section 2 we review the theory of concircular tensors, their algebraic classification and how certain classes of concircular tensors can be used to construct separable coordinates. In Section 3 the theory of warped products is summarized and an algorithm is given for the construction of reducible separable webs. In Section 4, the theory reviewed in Sections 2 and 3 are applied to obtain a complete list of the separable webs and inequivalent adapted coordinate systems on E 3 1 . For ease of comparison with previous results we indicate in parentheses how the web is classified in [14] ; we also indicate which webs are not found therein. For the irreducible webs, we also give in square brackets the notation used by [13] and [10] , again indicating which webs are not found therein. Concluding remarks are given in Section 5.
We end this section with a word on notation and conventions. We denote the n-dimensional pseudo-Euclidean space with signature ν by E n ν . By n-dimensional Minkowski space, we mean E n 1 . As E n ν is a vector space, we make liberal use of the canonical isomorphism between E n ν and T p E n ν to identify points and tangent vectors. Accordingly, we denote the metric in E n ν by both g and x¨,¨y. Furthermore, as the metric induces an isomorphism between tensor spaces via 'raising and lowering indices', we will adopt the standard practice of identifying tensors under this correspondence, using the same symbol regardless of type. It may be convenient to sometimes make this distinction explicit for vectors. In that case, we will write v 5 for the one-form corresponding to the vector v via the isomorphism induced by the metric.
Finally, this paper relies heavily on some elementary results regarding the classification of self-adjoint linear operators on E n ν . A review of the relevant material may be found in [5] ; for convenience, in the appendix we have summarized the main results for the special case of Minkowski space. Any reader not familiar with this subject should look at the appendix before proceeding. The notation and definitions found therein will be used hereafter without comment.
Concircular Tensors and their Classification
As mentioned above, the problem of finding orthogonal separable webs can be greatly simplified in spaces of constant curvature via the introduction of concircular tensors, essentially reducing the problem to linear algebra and geometry. The theory of these special kinds of conformal Killing tensors was originally pioneered by Benenti [17] and Crampin [18] , ultimately paving the way for the powerful approach to separability presented here.
We formally introduce concircular tensors with the following definition:
Let L be a CT on an open subset U of M . L is called orthogonal, or an OCT, if it is pointwise diagonalizable. We say that L is a Benenti tensor if its eigenfunctions are pointwise simple, i.e. if its eigenvalues at each point are distinct. We call L irreducible, or an ICT, if its eigenfunctions λ 1 , . . . , λ n are functionally independent. This means that dλ 1^¨¨¨^d λ n ‰ 0 at all points in U . A CT which is not irreducible is called reducible. One can show that an OCT is irreducible if and only if none of its eigenfunctions are constant [8] . We will only need to work with OCTs in classifying separable webs on spaces of constant curvature. It is therefore of no harm in assuming all CTs to be orthogonal from this point forward.
One can show [18] that the general concircular tensor L in E n ν is given by
where A is a constant and symmetric tensor, w P E n ν , m P R, d is the symmetric tensor product, and r is the dilatational vector field, defined in pseudo-Cartesian coordinates px i q by r :" x i B i . If L is irreducible, then the distributions orthogonal to its eigenspaces are integrable and define a separable web [8] . In this case, the eigenfunctions of L themselves give separable coordinates adapted to this web. If L is reducible, then there are often multiple separable webs adapted to its eigenspaces; for this case we will need the notion of a warped product to determine all the separable coordinates associated with L. This will be the subject of the next section.
Thus, any OCT induces at least one separable web. It is a remarkable fact that in spaces of constant curvature, all such separable webs arise in this fashion; see [7, 8] 
In the above, IpM q denotes the isometry group of M and pΛ´1q˚is the map induced on covariant tensors by Λ. The reason for studying the equivalence classes of CTs under the above relation lies in the following result: if L and L 1 are OCTs on a connected manifold M , with at least one being non-constant, then their associated separable webs are related by an isometry if and only if they are geometrically equivalent [8] .
This is a good place to mention some useful results which allow one to connect concircular tensors with the general theory of separation using Killing tensors, as is done in [14] . We refer the reader to [5] for details on the following construction. If L is a CT, we first define
where trpLq denotes the trace of L. K 1 is a Killing tensor with the same eigenspaces as L; in particular if L is Benenti, then K 1 is a characteristic Killing tensor called the Killing-BertrandDarboux tensor (KBDT) associated with L. We may then define inductively, for 2 ď m ď n´1,
where K m´1 L is a product of endomorphisms. One can show [17] that tg, K 1 , . . . , K n´1 u generate a real n-dimensional vector space of Killing tensors which are all diagonalized in the separable coordinates induced by L. This space is called the Killing-Stäckel algebra associated with the web; it plays an important role in the Killing tensor approach to separation of variables. We now quote the following theorem from [5] which will be absolutely paramount in our classification of concircular tensors (and hence separable webs) in E 3 1 . For simplicity, we state the theorem for the special case of E n 1 , which shall be sufficient for our purposes. T . In Minkowski space, either k " 2, in which case ε "˘1, or k " 3, in which case ε " 1.
In the above theorem, ε is called the sign of L. For central CTs, the sign is defined to be 1, and for Cartesian CTs, the sign is not defined. For a proof of the above theorem in a flat space of arbitrary signature, the reader should consult [6] . 1 See the appendix for the definition of a skew-normal sequence Let L be a CT in its canonical form. Then we let D denote the A-invariant subspace spanned by tw, Aw, A 2 w, ...u. This subspace is either zero (if w " 0), or non-degenerate. We define
as well as the following two characteristic polynomials:
ppzq :" detpzI´Lq, Bpzq :" detpzI´A c q where the latter determinant is evaluated in D K . We therefore have that the classification of CTs within each of the cases listed in the above theorem is reducible to a classification of the metric-Jordan canonical forms for A c .
We also note that in the classification of OCTs as per the above theorem, CTs which differ by multiples of the metric in D K induce the same separable webs if dim D ď 2. While not explicitly stated in [6] , this result is implied by the proof of the above theorem given therein. We shall use this result frequently to simplify our canonical forms for the axial concircular tensors.
We finish this section with some results concerning ICTs which will be of great importance to us. Recall that an ICT determines a separable web, and its eigenfunctions are separable coordinates adapted to this web; we call these canonical coordinates associated with the ICT. Furthermore, one can show that a non-constant CT L " A`2w d r`mr d r in E n ν (for ν ď 1) is an ICT if and only if A c has no multidimensional eigenspaces; equivalently, L is reducible if and only if A c has a multidimensional eigenspace [6] .
The following technical results are derived in [6] and allow one to obtain, given an ICT L, the transformation equations between the induced canonical coordinates (u i ), and the lightconeCartesian coordinates px i q in which pA, gq take the prescribed form. First, if L " A`r b r 5 is a central ICT in canonical form, and if A and g take the following forms in coordinates px i q:
then, from [6] , we have the following equations:
where U is the subspace corresponding to J k p0q T , and B U K pzq is the characteristic polynomial of A restricted to U K . The transformation equations from the canonical coordinates pu i q and the coordinates px i q can then be obtained by writing
1 is an axial ICT in canonical form such that in coordinates px i q,
we have from [6] that the characteristic polynomial of L takes the form
where in the above, p d pzq is the characteristic polynomial of L restricted to the subspace corresponding to A d , and is given explicitly as follows (for k ě 2):
Again, the coordinate transformations from lightcone-Cartesian coordinates px i q to the canonical coordinates pu i q may be obtained by using the above equations, along with the factorization of ppzq, just as with central CTs. We note that in the case
1 . The last result from [6] that we quote in this section allows one to quickly write down the expression for the metric in canonical coordinates pu i q associated with an ICT L. For i " 1, ..., n, we have
where λ 1 , ..., λ n´k are the roots of Bpzq, and ε is the sign of L (see the remarks following theorem 2.3). Of course the separable coordinates pu i q are orthogonal, so g ij " 0 for i ‰ j.
Warped Products and Reducible Concircular Tensors
We now introduce some key ideas regarding warped products and their construction. These will be a vital tool in constructing the separable webs induced by reducible CTs, including those webs which admit symmetries 2 .
Definition 3.1. Given pseudo-Riemannian manifolds pM i , g i q for 0 ď i ď k, and k smooth positive functions ρ i : M 0 Ñ R`, we define the warped product M 0ˆρ1 M 1ˆρ2¨¨¨ˆρ k M k to be the product manifold M 0ˆ¨¨¨ˆMk equipped with the pseudo-Riemannian metric given by
where A map ψ : M 0ˆρ1¨¨¨ˆρ k M k Ñ M which is a (local) isometry is called a (local) warped product decomposition of M . We will often use the terms warped product and warped product decomposition interchangeably.
Let L be a CT in M and let ψ : N 0ˆρ1¨¨¨ˆρn N k Ñ M be a warped product of M . Then we say that ψ is adapted to L if for each i ą 0 and for all points p P N i , ψ˚pT p N i q is an invariant subspace of L. In this case, one can show [8] that the restriction (via ψ) of L to N 0 is a Benenti tensor, and therefore induces a separable web on N 0 which we may lift to M using ψ. In particular, if the restriction of L to N 0 is an ICT, then its eigenfunctions give a set of separable coordinates on N 0 . By choosing a separable web for each of the spherical factors and lifting them to M via ψ, we hence obtain a separable web in M .
In this section, we explain how to construct a warped product of E n ν adapted to a given reducible CT L. One can show that this restricted warped product is adapted to the original CT in E n ν pκq. Most of what follows will be a very brief overview of results from [6] .
A warped product of E n ν is uniquely determined by the following initial data: a pointp P E n ν ; an orthogonal decomposition TpE n ν " V 0 k¨¨¨k V k of the tangent space atp into nontrivial (and therefore non-degenerate) subspaces, where k ą 0; and k vectors a 1 , . . . , a k P V 0 such that the nonzero a i are mutually orthogonal and linearly independent. It is of no loss of generality to assume that the warped product is in canonical form. This means thatp P V 0 and xp, a i y " 1 for each i ą 0 such that a i ‰ 0. We will now show how this data determines a warped product.
One can show [6] that each triple pp; V i ; a i q for i ą 0 uniquely determines a maximal connected and complete spherical submanifold S i of E n ν , and is such thatp P S i , TpS i " V i , and S i has mean curvature vector´a i atp. S i is an open submanifold of N i , where N i is called the sphere determined by pp; V i ; a i q and takes one of the following forms
If a i is timelike (spacelike), then N i has constant negative (positive) curvature xa i , a i y
and is isometric to a pseudo-Euclidean space (which is parabolically embedded in E n ν . See [6] for details.) Clearly, N i has the same dimension and signature as V i . So, proceeding with our construction, given the initial data pp ; V 0 k¨¨¨V k ; a 1 ,¨¨¨a k q, we let N i for i ě 1 be the sphere determined by pp, V i , a i q as described above. For i ě 1, we define functions ρ i : V 0 Ñ R by ρpp 0 q " xp 0 , a i y if a i ‰ 0, and by ρpp 0 q " 1 if a i " 0. Now let N 0 denote the open subset of V 0 where all ρ i are positive. This yields the warped product ψ :
Rather than give the general expression for ψ found in [6] , we will only give its form for some simple but useful cases.
As we will only need warped products with two factors in this paper, we only give the form of ψ for such cases. So, let ψ : N 0ˆρ1 N 1 Ñ E n ν be a warped product determined by initial data pp; V 0 k V 1 ; a 1 q. If a 1 " 0, then the warped product is in fact an ordinary Cartesian product, and ψ is given by
Now assume that a 1 is non-null. Define W 0 :" V 0 Xa K 1 , and let P 0 : E n ν Ñ W 0 denote the orthogonal projection. Then ψ takes the form
where c :"p´xa 1 , a 1 y´1a 1 . Now consider the case where a 1 is lightlike. Then there is another lightlike vector b P V 0 such that xa 1 , by " 1. Here, we define W 0 :" V 0 Xspanta 1 , bu K and W 1 :" V 1 , and let P i : E n ν Ñ W i for i " 0, 1 denote the orthogonal projection. Then ψ takes the form
It also useful to know the images of these standard warped products. If ψ is Cartesian, then its image is the whole space. If it is a warped product of the form (20) , and if P 1 : E n ν Ñ Ra 1 k V 1 is the orthogonal projection, then we have [6] Impψq " tp P E n ν | sign xP 1 ppq, P 1 ppqy " sign xa 1 , a 1 yu
If we restrict our warped product to a domain such that N 1 is connected, then we must impose the extra condition xa 1 , P 1 ppqy ą 0 in (22). If ψ is a warped product of the form (21), then we have
For the remainder of this section, we restrict ourselves to Euclidean and Minkowski spaces, i.e. ν " 0 and ν " 1 respectively. Let L " A`2w d r`mr d r be a reducible CT in E n ν . As ν ď 1, we have that L is reducible iff it is constant, or if A c has a multi-dimensional eigenspace (see the remarks following 2.3 for the definition of A c ). If L is constant, then it is diagonalizable with real eigenspaces, and the Cartesian product of these eigenspaces is in fact the warped product adapted to L. Having dealt with this trivial case, we assume that L is non-constant.
The algorithm given in chapter 9 of [6] yields a warped product adapted to L. For completeness, we give the algorithm below, reiterating that we have assumed ν ď 1. , then there is a cycle v 1 , . . . , v r of generalized eigenvectors of A, such that v r P E i is lightlike. Let a i :" v r , and define
Let us denote the restriction of L to N 0 via ψ byL. It is given bỹ
whereÃ " A| V0 andr is the dilatational vector field in N 0 . As discussed above,L is Benenti and so induces separable coordinates pu j 0 q on N 0 which we may lift to E n ν via ψ. We choose separable coordinates pu Note that obtaining all separable webs induced by a reducible CT L requires knowledge of all the separable webs in the lower-dimensional spaces that could appear as spherical factors in the above algorithm. In particular, our classification of the separable webs in E 3 1 will require knowledge of all separable webs in E 2 , E 2 1 , H 2 and dS 2 . These can be found for example in [5] .
Classification of Separable Webs on E 3 1
In this section we apply the theory of concircular tensors reviewed in the last two sections to classify all 45 separable webs on E 3 1 modulo action of the isometry group. We further determine the inequivalent 3 coordinate charts adapted to the webs. In the following, we make liberal use of the results presented above, particularly equations (12)-(17) for irreducible CTs, and algorithm 3.2 for reducible CTs.
For the purposes of comparison, beside the name of each separable web below, we indicate in parentheses how the web is classified in [14] using the invariant theory of Killing tensors; we also indicate which webs are not found therein. For the irreducible webs, we also give the notation used by [13] in square brackets, again indicating which webs are not found therein.
For each separable web below, we give the transformation equations between the separable coordinates and Cartesian coordinates, the form of the metric in the separable coordinates, and the coordinate ranges; if a web has more than one inequivalent region, we give the coordinate charts for each. Note that while we only give the charts for a particular domain in each equivalence class, all other charts of the web can be obtained by isometry (often x Ø y or some combination of t Þ Ñ´t, x Þ Ñ´x and y Þ Ñ´y).
For consistency, we shall adopt the convention of using the same lightcone coordinates pη, ξq throughout this section, defined by
Notice that xB η , B ξ y " 1. Letting ξ Þ Ñ´ξ gives lightcone coordinates whose basis vectors have scalar product´1.
Cartesian CTs, L " A
In the Cartesian case, L " A is constant and diagonalizable with real eigenvalues. If A has distinct eigenvalues, L is Benenti and the induced separable web is coincides with the eigenspaces of A. We therefore obtain the familiar Cartesian coordinates pt, x, yq on E 3 1 . If A has only one eigenvalue, then it is a multiple of the metric and, being geometrically equivalent to 0, it is trivial. The only other cases we have to consider are those where A has a 2-dimensional eigenspace. There are two possibilities:
If
2 . These are the timelike-cylindrical webs, one of which is the Cartesian web already obtained. The separable webs on E 2 can be found throughout the literature; see, for instance, table 1 in [5] . We thus obtain the following four separable webs from this CT via the above warped product:
Cartesian web (spacelike translational web I)
2. Timelike-cylindrical polar web (timelike translational web I)
3. Timelike-cylindrical elliptic web (timelike translational web III)
4. Timelike-cylindrical parabolic web (timelike translational web II)
If A has a multidimensional Lorentzian eigenspace, then using geometric equivalence, we may choose a basis such that A takes the above form; i.e. A " e 1 b e 5 1 for some spacelike unit vector e 1 . This CT is reducible, and by algorithm 3.2, we see that a warped product which decomposes L is
We obtain a separable web on E 3 1 by taking y in the above map as our coordinate on E 1 , and choosing any separable web on E 2 1 . These are the spacelike-cylindrical webs, one of which is the Cartesian web already given above. The separable webs on E 2 1 may be found in table 2 of [5] , for instance. Hence we obtain the following 9 (omitting Cartesian coordinates) separable webs from the above warped product:
5. Spacelike-cylindrical Rindler web (spacelike translational web II)
6. Spacelike-cylindrical elliptic web I (spacelike translational web VI)
7. Spacelike-cylindrical elliptic web II (spacelike translational web VII)
t´x " a cosh pu`vq, t`x " a sinh pu´vq, y " w 0 ă |v| ă u ă 8,´8 ă w ă 8, a ą 0 9. Spacelike-cylindrical null elliptic web I (spacelike translational web IX)
t´x " e u`v , t`x " 2 sinh pu´vq, y " ẃ 8 ă u ă 8,´8 ă v ă 8,´8 ă w ă 8
Spacelike-cylindrical null elliptic web II (spacelike translational web X)
11. Spacelike-cylindrical timelike parabolic web (spacelike translational web III)
Spacelike-cylindrical spacelike parabolic web (spacelike translational web IV)
$ ' ' & ' ' % ds 2 " pu 2´v2 qpdu 2´d v 2 q`dw 2 t " uv, x " 1 2 pu 2`v2 q, y " w 0 ă v ă u ă 8,´8 ă w ă 8
Spacelike-cylindrical null parabolic web (spacelike translational web V)
Since all central CTs have the above canonical form, we need only classify the inequivalent canonical forms for A. Since A c " A in this case, a central CT L " A`r b r 5 is reducible if and only if A has a multidimensional eigenspace.
4.2.i A " 0
In this case, L " r b r 5 is reducible, and hence algorithm 3.2 must be used to construct a warped product which yields the separable webs induced by L. This decomposition depends on the point p with which we construct our warped product (see algorithm 3.2):
For a timelike unit vector e 0 , algorithm 3.2 gives the following warped product which decomposes L in the connected timelike region containing e 0 :
where N 0 " t´ue 0 P E 3 1 | u ą 0u, and ρp´ue 0 q " u. For a spacelike unit vector e 1 , algorithm 3.2 gives the following warped product in the spacelike region:
where N 0 " twe 1 P E 3 1 | w ą 0u, and ρpwe 1 q " w. We obtain an induced separable web in the timelike (resp. spacelike) region by taking the coordinate u (resp. w) on the geodesic factor, and lifting any separable web on H 2 (resp. dS 2 ). We hence construct a separable web on E by choosing a separable web in the timelike regions, and a corresponding web in the spacelike region (i.e. the webs in each region should correspond to the same characteristic Killing tensor). The separable webs and coordinate systems on dS 2 may be found in table 3 of [5] , while those for H 2 may be found in, say, [19] or [20] . We so obtain the following nine dilatationally invariant webs 4 :
Dilatational elliptic web I (not in [14])
t " w scpu; aqdnpv; aq, x " w ncpu; aqcnpv; aq, y " w dcpu; aqsnpv; aq 0 ă u ă Kpaq, 0 ă v ă Kpaq, 0 ă w ă 8, 0 ă a ă 1
t " u ndpv; aqnspw; bq, x " u sdpv; aqdspw; bq, y " u cdpv; aqcspw; bq
Dilatational elliptic web II (dilatational web IV)
t " wb a ncpu; aqncpv; aq, x " wb scpu; aqscpv; aq, y " w a dcpu; aqdcpv; aq
t " wab sdpu; bqsdpv; bq, x " wb cdpu; bqcdpv; bq, y " wa ndpu; bqndpv; bq
t " u ncpv; aqncpw; bq, x " u scpv; aqdcpw; bq, y " u dcpv; aqscpw; bq 
Spherical web I (timelike rotational web I)
for´t 2`x2`y2 ą 0 $ ' & ' % ds 2 " w 2 p´du 2`c osh 2 u dv 2 q`dw 2 t " w sinh u, x " w cosh u cos v, y " w cosh u sin v 8 ă u ă 8, 0 ă v ă 2π, 0 ă w ă 8 for´t 2`x2`y2 ă 0 $ ' & ' % ds 2 "´du 2`u2 pdv 2`s inh 2 v dw 2 q t " u cosh v, x " u sinh v cos w, y " u sinh v sin w 0 ă u ă 8, 0 ă v ă 8, 0 ă w ă 2π
Spherical web II (spacelike rotational web I)
for´t 2`x2`y2 ą 0,´t 2`x2 ą 0 $ ' & ' % ds 2 " w 2 pdu 2´s in 2 u dv 2 q`dw 2 t " w sin u sinh v, x " w sin u cosh v, y " w cos u 0 ă u ă π,´8 ă v ă 8, 0 ă w ă 8 for´t 2`x2`y2 ą 0,´t 2`x2 ă 0 $ ' & ' % ds 2 " w 2 p´du 2`s inh 2 u dv 2 q`dw 2 t " w sinh u cosh v, x " w sinh u sinh v, y " w cosh u 0 ă u ă 8,´8 ă v ă 8, 0 ă w ă 8 for´t 2`x2`y2 ă 0 $ ' & ' % ds 2 "´du 2`u2 pdv 2`c osh 2 v dw 2 q t " u cosh v cosh w, x " u cosh v sinh w, y " u sinh v 0 ă u ă 8,´8 ă v ă 8,´8 ă w ă 8
Dilatational complex elliptic web (dilatational web V)
for´t 2`x2`y2 ą 0 $ ' ' ' ' ' ' & ' ' ' ' ' ' %0 ă v ă u ă Kpaq, 0 ă w ă 8, 0 ă a ă 1, 0 ă b ă 1, a 2`b2 " 1 for´t 2`x2`y2 ă 0 $ ' ' ' ' ' ' & ' ' ' ' ' ' % ds 2 "´du 2`0 ă u ă 8, 0 ă v ă Kpaq, 0 ă w ă Kpbq, 0 ă a ă 1, 0 ă b ă 1, a 2`b2 " 1
Dilatational null elliptic web I (dilatational web II)
for´t 2`x2`y2 ą 0 $ ' ' ' ' & ' ' ' ' % ds 2 " w 2 psech 2 u`csch 2 vqpdu 2´d v 2 q`dw 2 t`x " w sech u csch v, x´t " w cosh u sinh v p1´tanh 2 u coth 2 vq, y " w tanh u coth v 0 ă u ă 8, 0 ă v ă 8, 0 ă w ă 8 for´t 2`x2`y2 ă 0 $ ' ' ' ' ' & ' ' ' ' ' % ds 2 "´du 2`u2 psec 2 v´sech 2 wqpdv 2`d w 2 q t`x " u sec v sech w, t´x " u cos v cosh w p1`tan 2 v tanh 2 wq, y " u tan v tanh w 0 ă u ă 8, 0 ă v ă π 2 , 0 ă w ă 8
Dilatational null elliptic web II (dilatational web III)
21. Null spherical web (null rotational web I)
Dilatational null elliptic web III (dilatational web I)
If A has a multidimensional spacelike eigenspace corresponding to the smallest eigenvalue, we can cast A into the above form using geometric equivalence. Hence, A " a 2 e 0 b e 5 0 for some timelike unit vector e 0 . L is reducible, and algorithm 3.2 gives the following warped product (letting e 1 be a spacelike unit vector orthogonal to e 0 ):
pte 0`x e 1 , pq Þ Ñ te 0`x p where N 0 " tte 0`x e 1 P E 3 1 |x ą 0u and ρpte 0`x e 1 q "x. Following algorithm 3.2, the restriction of L to N 0 induces elliptic coordinates of type II on N 0 , upon identifying spante 0 , e 1 u with E Choosing the standard coordinate on S 1 , we thus obtain
Elliptic-circular web II (timelike rotational web IV)
for |t|´ax 2`y2 ą a
If A has a multidimensional spacelike eigenspace corresponding to the largest eigenvalue, we may cast A into the above form using geometric equivalence. Hence, A "´a 2 e 0 b e 5 0 for some timelike unit vector e 0 . L is reducible, and algorithm 3.2 gives precisely the same warped product as above. In this case, however, the restriction of L to N 0 induces elliptic coordinates of type I on N 0 :
Elliptic-circular web I (timelike rotational web III)
If A has a multidimensional Lorentzian eigenspace corresponding to its smallest eigenvalue, we may cast it into the above canonical form; i.e. A " a 2 e 2 b e 5 2 for some spacelike unit vector e 2 . L is reducible, and following algorithm 3.2, we must choose a unit vector in the multidimensional eigenspace of A. Since this vector can be spacelike or timelike, we obtain two warped products, corresponding to different regions:
For a warped product with a spacelike vector e 1 , algorithm 3.2 gives
pye 2`x e 1 , pq Þ Ñ ye 2`x p where N 0 " tye 2`x e 1 P E 3 1 |x ą 0u and ρpye 2`x e 1 q "x. The restriction of L to N 0 induces elliptic coordinates on N 0 , upon identifying spante 1 , e 2 u with E 2 . For a warped product with a timelike vector e 0 , algorithm 3.2 gives
p´te 0`x e 2 , pq Þ Ñp`xe 2 where N 0 " t´te 0`x e 2 P E 3 1 |t ą 0u and ρp´te 0`x e 2 q "t. The restriction of L to N 0 induces elliptic coordinates of type I on N 0 , upon identifying spante 0 , e 2 u with E 2 1 . So, choosing the standard coordinate on dS 1 (resp. H 1 ), we obtain the following web:
25. Elliptic-hyperbolic web I (spacelike rotational web III)
We now consider the above canonical form, i.e. A " k b k 5 for some nonzero lightlike vector k. Then A has a degenerate two-dimensional eigenspace, and so L is reducible. If k 1 is a null vector such that xk, k 1 y " 1, algorithm 3.2 gives the following null warped product which decomposes L ψ :
where N 0 " tηk`ξk 1 P E 3 1 | ξ ą 0u and ρpηk`ξk 1 q " ξ. The restriction of L to N 0 induces null elliptic coordinates of type II on N 0 , upon identifying spantk, k 1 u with E 2 1 . Thus, choosing the standard coordinate w on E 1 and rewriting in terms of Cartesian coordinates, we obtain the following web:
Parabolically-embedded null elliptic web II (null rotational web III)
Consider now the above canonical form, i.e. A "´k b k 5 for some nonzero null vector k. Then A again has a degenerate two-dimensional eigenspace, L is once again reducible, and algorithm 3.2 gives precisely the same warped product as above. In this case, however, the restriction of L to N 0 yields null elliptic coordinates of type I on N 0 . We therefore obtain the following web:
28. Parabolically-embedded null elliptic web I (null rotational web II)
If A is diagonalizable with real distinct eigenvalues, and has a timelike eigenvector corresponding to the smallest eigenvalue, then modulo geometric equivalence, A takes the above form in some Cartesian coordinates pt, x, yq. L is a central ICT in canonical form, and in these coordinates, A and g take the form (11) with k " 0; therefore, equation (12) is superfluous and the subspace U referred to therein is trivial. So we need only equations (13) and (14) to obtain the transformation between Cartesian coordinates pt, x, yq and the separable coordinates pu, v, wq induced by L. The characteristic polynomial of A is given by Bpzq " zpz´aqpz´bq. The eigenvalues 0, a and b of A correspond to t, x and y respectively, and writing the characteristic polynomial of L as ppzq " pz´uqpz´vqpz´wq, we obtain the transformation equations via equation (13) . Moreover, the metric coefficients in canonical coordinates are readily obtained from (17) . The metric and transformation equations for all other ICTs below follow just as straightforwardly by an application of equations (11)- (17) as appropriate.
Therefore, in this case, we see the above ICT induces:
We may find the ranges of the coordinates by imposing the constraints that the metric have Lorentzian signature, and that the Cartesian coordinates are real. We thus have, assuming w ă v ă u without loss of generality,
In order to find the coordinate domains one would need to analyze the discriminant ∆ of the characteristic polynomial of L, which is here a polynomial of degree 8 in t, x and y. The regions where ∆ ą 0 give the coordinate domains. While this task is generally intractable, we can deduce from the above coordinate ranges that, for this web, there is only one adapted coordinate chart up to isometry. For a much more detailed exposition on the coordinate domains and singularities, we refer the reader to [13] .
At this point we would like to mention that in this web, and in all of the irreducible webs to follow, it is possible to set one of the parameters (in this case a or b) equal to 1 via a homothetic transformation of E 3 1 , reducing the number of parameters. Indeed, this is what is typically done in [11, 13] . However, under isometries, the above parameters (or more precisely, the number of parameters) are essential and cannot be removed.
4.2.ix
In the case that A has the above canonical form modulo geometric equivalence, L is irreducible and we readily obtain the transformation from Cartesian coordinates and the form of the metric from equations (11)- (17) We find the coordinate ranges by requiring that the Cartesian coordinates are real-valued, and that the metric is Lorentzian. Taking, without loss of generality, w ă v ă u, we have that the only possible coordinate ranges are the following
Just as in the previous case, we cannot solve for the coordinate domains explicitly, but we can deduce from the above that this web has four isometrically inequivalent regions, each of which realizes one of the above possibilities for the coordinate ranges.
4.2.x
If A takes the above canonical form up to geometric equivalence, then L is irreducible and we readily obtain the transformation equations from Cartesian coordinates, as well as the form of the metric in canonical coordinates from equations (11)- (17) Imposing the usual constraints, and taking w ă v ă u without loss of generality, we find the only possibilities for the coordinates ranges are the following:
This web has three isometrically inequivalent regions, each of which realizes one of the above possibilities for the coordinate ranges.
4.2.xi
If A has (non-real) complex eigenvalues, then using geometric equivalence, we may assume A takes the above form in complex-Cartesian coordinates pz,z, yq. Then, using equations (13) and (17), we obtain the form of the metric, as well as the transformation equations between the canonical coordinates and the complex-Cartesian coordinates. One obtains the equations for standard Cartesian coordinates using the transformation 
Imposing the usual constraints, and taking w ă v ă u without loss of generality, we find the only possibilities for the coordinates ranges are the following:
In this case, since A does not have a multidimensional eigenspace, L is an ICT. So, using equations (12)- (13) and (17), we obtain the form of the metric, and the transformation equations between canonical coordinates and the lightcone coordinates pη, ξ, yq in which A takes the above form. Rewriting in terms of Cartesian coordinates, we have
Null ellipsoidal web I (asymmetric web VIII
Imposing the usual constraints, and taking w ă v ă u, we have
In this case, L is irreducible and we readily obtain the form of the metric and the transformation equations between the canonical coordinates and the lightcone coordinates pη, ξ, yq in which A takes the above form. Rewriting in terms of Cartesian coordinates, we have 34. Null ellipsoidal web II (not in [14] ) [not in [13] ]
Imposing the usual constraints, and taking w ă v ă u, we havé
In this case, L is irreducible and we readily obtain the form of the metric and the transformation equations between the canonical coordinates and the lightcone coordinates pη,´ξ, yq in which A takes the above form. Rewriting in terms of Cartesian coordinates, we have
Null ellipsoidal web III
In this case, L is irreducible and we readily obtain the form of the metric and the transformation equations between the canonical coordinates and the lightcone coordinates pη,´ξ, yq in which A takes the above form. Rewriting in terms of Cartesian coordinates, we have 36. Null ellipsoidal web IV (not in [14] ) [D. 1.b] where N 0 " ttw`xe 1 P E 3 1 |x ą 0u and ρptw`xe 1 q "x. The restriction of L to N 0 induces timelike parabolic coordinates on N 0 , upon identifying spantw, e 1 u with E 2 1 . Choosing the standard coordinate on S 1 , we obtain the following web:
38. Timelike parabolic-circular web (timelike rotational web II)
If A c is diagonalizable with real distinct eigenvalues, then we may set the least of them to 0 by geometric equivalence in w K . L is irreducible, and using equations (15)- (17), we obtain the transformation equations between Cartesian coordinates and the induced separable coordinates, as well as the form of the metric in the separable coordinates:
Imposing the usual constraints, and taking w ă v ă u without loss of generality, we obtain the following admissible ranges for the above coordinates:
While imposing our constraints also yields 0 ă w ă a ă v ă u as an admissible set of ranges, the corresponding coordinate patch is equivalent to the one induced by the first set of ranges above; this can be easily seen by multiplying L by´1.
The above canonical form corresponds to any spacelike axial CT for which w K is an eigenspace of A. L is then reducible, and following algorithm 3.2, we must choose a unit vector in w K . Since this vector can be spacelike or timelike, we obtain two warped products, depending on the pointp with which we apply algorithm 3.2.
For a spacelike vector e 1 , algorithm 3.2 gives
pyw`xe 1 , pq Þ Ñ tw`xp where N 0 " tyw`xe 1 P E 3 1 |x ą 0u and ρpyw`xe 1 q "x. The restriction of L to N 0 induces parabolic coordinates on N 0 , upon identifying spante 1 , wu with E 2 . If instead we use a timelike the form of the metric as well as the transformation equations between the separable coordinates and pz,z, yq. We pass to standard Cartesian coordinates pt, x, yq precisely as described in 4.2.xi:
Assuming as usual that w ă v ă u, we see that this gives a unique set of coordinate ranges, and the timelike coordinate is v.
We consider now the above canonical form, i.e. A c " k b k 5 for some nonzero null vector k P w K . Note that this canonical form is equivalent to the one with A c "´k b k 5 , which can be easily seen by multiplying L by´1. Now, since L is irreducible, using equations (15)- (17), we obtain the metric and the transformation equations from the separable coordinates to the lightcone coordinates in which A takes the above form. Passing to standard Cartesian cooridnates, we have
Spacelike null-paraboloidal web
Any null axial CT can be put into the above form using geometric equivalence, with the canonical form for A given by theorem 2.3. In classifying canonical forms for null axial CTs, we may apply geometric equivalence in the subspace 5 D K insofar that dim D ď 2 (this is only relevant for 4.4.i below). For convenience, we choose coordinates such that w " B η " B t`Bx .
4.4.i w ‰ 0, xw, wy " 0, A " J 2 p0q
T ' J 1 p0q
We consider the above canonical form, i.e. A " k b k 5 for some nonzero null vector k such that xw, ky " 1. This case is equivalent to the null axial CT with A "´k b k 5 . Since L is an ICT, using equations (15)- (17), we obtain the metric and the transformation equations from the separable coordinates to the lightcone coordinates in which A takes the above form. Imposing the usual constraints, and taking w ă v ă u without loss of generality, we obtain the following admissible ranges for the above coordinates:
w ă v ă 0 ă u (w timelike)
4.4.ii w ‰ 0, xw, wy " 0, A " J 3 p0q
T We finally consider the above canonical form for a null axial CT L, which is easily seen to be irreducible. We readily obtain the metric and the transformation equations between the separable coordinates and the lightcone coordinates in which A takes the above form. Passing to standard Cartesian coordinates, we obtain the following final web: Assuming as usual that w ă v ă u, we see that this gives a unique set of coordinate ranges, and the timelike coordinate is v.
Null paraboloidal web II (asymmetric web I) [G]

Concluding Remarks
The above analysis illustrates the ease with which the method of concircular tensors yields an invariant classification of the orthogonal separable webs in E 3 1 . This approach appears to be much less computationally demanding than other methods described in the introduction, and is in many ways much more elementary, since the crux of this method is essentially a problem of linear algebra. Furthermore, provided we have determined all possible canonical forms modulo geometric equivalence, the theory presented in [7] and [6] guarantees that the above 45 webs are all the orthogonal separable webs in E 3 1 ; and insofar that our analysis of each case is complete, we can be confident that the 88 inequivalent adapted coordinate charts determined above are exhaustive.
In [13] , one finds 31 inequivalent coordinate charts corresponding to irreducible webs; moreover, it is asserted therein that there are 51 inequivalent coordinate systems arising from reducible webs, based on computations done in [11] . Counting up the results from Section 4, we find 33 inequivalent charts from the irreducible webs, and 55 inequivalent charts from the reducible webs. As indicated above, the only two coordinate charts not appearing in [13] are those from null ellipsoidal web II (web number 34 above). The discrepancy in the number of reducible chart domains seems to be a result of overlooked equivalences. For instance, in [11] it appears that the Rindler web (web number 5 above and coordinate system B.6.b in [11] ) is counted as inducing only one inequivalent chart domain instead of two.
Any other discrepancies between the equations appearing here, and those appearing in [13] or [14] can be attributed to the various freedoms in defining the separable coordinates (i.e. geometric equivalence and reparametrizations of the web. See also the remarks following 4.2.viii above).
The method presented here achieves simultaneously both a global classification of the orthogonal separable webs, as well as the equations for the separable coordinates adapted to each web; the former gives the intrinsic geometric object of interest, while the latter gives the information necessary to orthogonally separate the Hamilton-Jacobi and Klein-Gordon equations given in the introduction.
We write J εk pλq ' J δm pµq as a shorthand the pair J k pλq ' J m pµq and g " εS k ' δS m . We now summarize the different possible canonical forms for a self-adjoint operator A in E n 1 . They are as follows:
Case 1: A is diagonalizable with real eigenvalues. In this case, there is a basis such that A " J´1pλ 1 q ' J 1 pλ 2 q '¨¨¨' J 1 pλ n q Equivalently, A is diagonalized in Cartesian coordinates.
Case 2: A has a complex eigenvalue λ " a`ib with b ‰ 0. Since A is real,λ must be another eigenvalue; in Minkowski space, all other eigenvalues must be real. Then, A " J 1 pλq ' J 1 pλq ' J 1 pλ 3 q '¨¨¨' J 1 pλ n q in some orthogonal basis where the first two vectors are complex. Notice that since they are complex, we may assume they have length squared`1.
Case 3: A has real eigenvalues but is not diagonalizable. Then there are three possibilities for the metric-canonical form. The first two occur when A " J ε2 pλq ' J 1 pλ 3 q '¨¨¨' J 1 pλ n q with ε "˘1, in some basis where the first two vectors are null. The last case occurs when A " J 3 pλq ' J 1 pλ 4 q '¨¨¨' J 1 pλ n q in some basis where the first and third vectors are null; the second is spacelike. Notice that in Minkowski space, a metric-Jordan block J´3pλq is inadmissible. These are all the possibilities for the canonical forms of self-adjoint endomorphisms in Minkowski space.
